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Introduction

k-provability is the notion of prov-
ability ‘`k steps’, i.e. the notion of
being provable, in a certain the-
ory, with at most k steps. This
notion has been studied for differ-
ent theories and with different pur-
poses. In [Far91] the decidability of
this relation was studied for several
formalisations of Peano arithmetic
(PA). We recommend [Ore93] for
a detailed account of this and other
notions of provability.
In [Bus91], it was proved that k-
provability is undecidable for the
sequent calculus of arithmetic. In
[Far91], this relation was proved to
be decidable for several formulations
of PA where the universal instanti-
ation schema is replaced by other
schemata. The usual universal in-
stantiation schema is:
Uni. Inst. (∀x.ϕ)→ ϕxt , where t is

substitutable for x in ϕ.
It is an open problem whether k-
provability for PA with the usual
instantiation schema is decidable
or not [Far91]. From [Far91], we
know that the proof-skeleton prob-
lem is undecidable for PA with
the usual instantiation schema; by
proof-skeleton problem we mean
the problem of deciding if a given
formula has a proof whose skeleton
(the list of axioms and rules that
were used) is the considered one.
We address the proof-skeleton prob-
lem and k-provability:
(1)Characterise some

proof-skeletons for which it is
decidable whether a given
formula has a proof with the
considered skeleton;

(2)Characterise some values of k
for which it is decidable
whether a formula can be
proven in k steps.

These characterisations are natu-
ral—in the sense that they emerge
from simple generalisation of con-
cepts—and parameterised by unifi-
cation algorithms.

Provable schemata

The general idea of our approach is
to attach a meaning to the combina-
torial nature of general proof struc-
tures, namely to the different ways
to combine, in a given number of
steps, the axioms of the considered
theory. We create the general con-
cept of a provable schema and, us-
ing them, we characterise value of
k for which k-provability is decid-
able. A provable schema is simply
a logical schema that is obtained
from the axiom schemata using the
considered logical rules—in general,
this yields an infinity of schemata
that depend on the syntactical con-
ditions in the terms and the formu-
las that constitute the very schema.
We are considering, for instance, the
two following axioms schemata:

(L1) (ϕ→ (ψ → µ))→ ((ϕ→
ψ)→ (ϕ→ µ));

(L2)ϕ→ (ψ → ϕ).
and the modus ponens rule (MP)
given by

ϕ ϕ→ ψ

ψ
MP

The idea

Let us see, as an example, the gen-
eral structure that corresponds to
the following arrangement of the ax-
ioms: MP(L 1,MP(L 2,L 1)). This
means that one firstly applies MP
to an L1 implication using an L2
axiom, and to the result of that,
which must be an implication, one
applies an axiom of the form L2.
Starting from the first application,
to apply to the left side of (ϕ →
(ψ → µ)) → ((ϕ → ψ) → (ϕ →
µ)) something of the form of ϕ →
(ψ → ϕ), one must have µ = ϕ.
Hence, the application of the first
MP yields something of the form
(ϕ → ψ) → (ϕ → ϕ). Now, to
apply L2 to (ϕ → ψ) → (ϕ → ϕ),
one needs ψ = ξ → ϕ. In this con-
ditions, the general shape/structure
of MP(L 1,MP(L 2,L 1)) is ϕ→ ϕ.
Clearly, any other way to arrange
the axioms in the considered shape
is a particular case of ϕ→ ϕ. More-
over, ϕ → ϕ codifies, in a unique
schema, all the ways to combine the
axioms in MP(L 1,MP(L 2,L 1)).

Main Result

There are values of k for which it is decidable whether PA `k steps ϕ or
not.

Term Unification

From [KP88], we know that second-
order unification is in general un-
decidable. In the proof presented
in that paper, the main idea was
to represent, inside the context of
second-order unification, numerals,
addition, and multiplication; some-
thing that is delivered by (confirm
[KP88]) equations that include:

s(τ ) = τ (a/s(a)),

τ (a/σ1,b/s(b), c/a ◦ (b ◦ c)) =
σ2 ◦ (σ3 ◦ τ ).

This entails that we cannot perform
in the general way the mentioned
idea for first-order logic schemata,
since such a procedure would en-
compass, at least in our formalisa-
tion, a solution to second-order uni-
fication. This is why why we do not
have a general solution.

Final results

We created the concepts of a
grounded number and grounded
proof-skeleton and we were able to
prove:

Theorem

Given k a grounded number
for A, it is decidable whether
PA `k steps ϕ or not.

Finally, we were able to prove:
Theorem

Given an algorithm A, there is an
algorithm HA such that, for every
grounded proof-skeleton S and ev-
ery formula ϕ, the algorithm halts
and accepts for S and ϕ if, and
only if, ϕ has a proof whose skele-
ton is S.
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